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Efficient Algorithm for Solution of the Unsteady Transonic
Small-Disturbance Equation

John T. Batina*
NASA Langley Research Center, Hampton, Virginia

A time-accurate approximate factorization (AF) algorithm is formulated for solution of the three-dimensional
unsteady transonic small-disturbance equation. The AF algorithm consists of a Newton linearization procedure
coupled with an internal iteration technique. Superior stability characteristics of the new algorithm are demonstrated
through applications to steady and oscillatory flows at subsonic and supersonic freestream conditions for an F-5
fighter wing. For steady flow calculations, the size of the time step is cycled to achieve rapid convergence. For
unsteady flow calculations, the AF algorithm is sufficiently robust to allow the step size to be selected based on
accuracy rather than on stability considerations. Therefore, accurate solutions are obtained in only several hundred
time steps yielding a significant computational cost savings when compared to alternative methods.

Nomenclature

¢ = airfoil chord

¢, = wing reference chord

C, = pressure coefficient

cy = critical pressure coefficient

C, = unsteady pressure coefficient normalized by
oscillation amplitude

f = function defining instantaneous position of wing

k = reduced frequency, wc,/2U

M = freestream Mach number

t = time, nondimensionalized by freestream velocity and
wing reference chord

U = freestream velocity

x,y,z =nondimensional Cartesian coordinates in
streamwise, spanwise, and vertical directions,
respectively

o, = mean angle of attack

o = amplitude of pitch oscillation

y = ratio of specific heats

T = circulation

At = nondimensional time step

7l = fractional semispan

A = leading-edge sweep angle

¢ = disturbance velocity potential

w = angular frequency

Subscripts

J = index of grid points in spanwise direction

J = index of grid point at wing root

k =index of grid points in vertical direction

TE = trailing edge

Introduction

RESENTLY, considerable research is being conducted to
develop finite-difference computer codes for calculating
transonic unsteady aerodynamics for aeroelastic applications.!
The computer codes are being developed to provide accurate
methods of calculating unsteady airloads for the prediction of
aeroelastic phenomena such as flutter and divergence. The
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most fully developed U.S. code for transonic aeroelastic analy-
sis of isolated planar wings is XTRAN3S.? The code uses an
alternating-direction implicit (ADI) finite-difference algorithm
to calculate steady and unsteady transonic flows in a time-
marching fashion. Several terms of the ADI algorithm are
treated explicitly, though, which leads to a time step restriction
based on numerical stability considerations. Experience with
the code has shown that for applications to practical wings
with moderate to high sweep and taper, very small time steps
are required for the algorithm to be numerically stable.> This
stability restriction typically results in thousands of time steps
required to obtain converged solutions, which is generally
many more time steps than is necessary to resolve the physics
of the problem. Such solutions are computationally expensive
and, thus, aeroelastic applications of XTRAN3S have gener-
ally been limited. An algorithm is therefore desired which is
robust in comparison with the ADI algorithm to allow for
efficient application to aeroelastic problems.

The purpose of this paper is to describe the development of
a time-accurate approximate factorization (AF) algorithm for
solution of the unsteady transonic small-disturbance (TSD)
equation. The AF algorithm involves a Newton linearization
procedure coupled with an internal iteration technique based
on work recently reported by Shankar et al.” and Shankar and
Ide.® In Refs. 7 and 8, these concepts were developed for the
full-potential equation, and the resulting algorithm was shown
to be very robust for application to either steady or oscillatory
transonic flow problems. The objectives of the present research
were to 1) develop a similar AF algorithm for solution of the
unsteady TSD equation, 2) validate the new algorithm by mak-
ing comparisons with available experimental data as well as
with results computed using the XTRAN3S ADI algorithm,
and 3) investigate the robustness and efficiency of the new
solution procedure. The paper presents a description of the AF
algorithm along with results and comparisons assessing this
new capability.

Governing Equations

In this section, the equations governing the flow are briefly
described, including the TSD equation and boundary condi-
tions. Details of the coordinate transformation to map the
physical domain into the computational domain are also given.

TSD Equation

The flow is governed by the modified TSD equation, which
may be written in conservation law form as
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where
Jo=—A4¢, — B, (2a)
hH=Ed, + Fp% + G (2b)
fL=¢,+Ho.$, (20
fi=¢. (2d)

The coefficients 4, B, and E are defined as

A= M2 B =2M?, E=1-M? 3)
Several choices are available for the coefficients F, G, and H
depending upon the assumptions used in deriving the TSD

equation.? In this study, the coefficients are defined as

F=—%y+1M? (42)
G =300 - 3)M? (4b)
H=—@—hM? (40)

Boundary Conditions
Boundary conditions imposed upon the flowfield are

Far upstream: d> =0 (5a)
Far downstream: ¢.+¢,=0 (5b)
Far above and below: ¢.= (5¢)
Far spanwise: ¢, = (5d)
Symmetry plane: ¢, = (5e)
Trailing wake: [¢]=0 (56)

(¢ +d]1=0 (52)

where [ ] indicates the jump in the indicated quantity across the
wake. The wing flow-tangency boundary condition is

=fi+h (6)

which is imposed at the mean plane of the wing. The plus and
minus superscripts indicate the upper and lower wing surfaces,
respectively.

Coordinate Transformation

The finite-difference grids in both the physical and computa-
tional domains are contained within rectangular regions and
conform to the wing planform. Regions in the physical domain
such as the swept and/or tapered wing are mapped into rectan-
gular regions in the computational domain using the shearing
transformation

& =¢&(xp), n=y, {=z @)
where &, #, and { are the nondimensional computational coor-
dinates in the x, y, and z directions, respectively. The TSD
equation, Eq. (1), may then be expressed in computational
coordinates as

0 0
6t |: ¢l + Bd’ﬁ] 65 I:Eéxd)f + F€X¢§ + G(€y¢5 + ¢n)2

+§1 Ebs + 6,) + HE De(E e + ¢,,)]

o1 o1
+511 |:éx 6y¢é + ¢”) + H¢§(fy¢f + ¢n):| + b—c [—éx ¢le =0
(®)
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Alternating-Direction Implicit Algorithm

An alternating-direction implicit algorithm was developed in
Ref. 2 for solution of the modified TSD equation [Eq. (1)].
This algorithm forms the basis of the XTRAN3S computer
code, which can be used to calculate steady and unsteady tran-
sonic flowfields about planar wings, including acroelastic de-
formation effects. The program is capable of treating either
forced harmonic or aeroelastic transient-type motions. Details
of the algorithm development and solution procedure are given
in Ref. 2. The original XTRAN3S code used a simple global
shearing transformation that restricted applications to wings
with mild sweep and taper. Alternative coordinate transforma-
tions®>> were subsequently developed to allow application to
practical wings. Although the code can now be applied to more
general planforms, several of the terms of the TSD equation
are treated explicitly in the ADI algorithm, which leads to a
time step restriction based on numerical stability consider-
ations. For application to wings with moderate to high sweep
and taper, very small time steps are required for the algorithm
to be numerically stable. For example, a summary of selected
time steps and number of steps per cycle is listed in Table 1; the
values are taken from Refs. 3-6. Cases are tabulated for three
wings, the F-5 wing,>* the RAE tailplane,’ and the B-1 wing.®
(The calculations for these wings were performed using differ-
ent computational grids and different coordinate transforma-
tions.) As shown in the table, the stability restriction typically
results in thousands of time steps required to obtain converged
steady-state solutions and thousands of steps per cycle of
forced harmonic or aeroelastic motion. These solutions are
computationally expensive and, thus, acroelastic appllcatlons
of XTRANS3S have generally been limited.

To investigate the stability problem of the ADI algorithm, a
numerical stability analysis was performed for the F-5 wing.
Shown in Fig. 1 are the resulting stability boundaries calcu-
lated using the algorithm started from an initial undisturbed
flow. The boundaries were determined by first selecting a step
size of At = 0.05 and running the algorithm until the solution
diverged, causing program failure. The step size was then suc-
cessively reduced and the calculations repeated until the
boundary was determined. The analysis was performed for
freestream Mach numbers of M = 0.6, 0.8, 0.9, and 0.95. As
shown in the figure, the ADI algorithm is unstable in the region
above and to the right of the boundaries; the algorithm is stable
in the region below and to the left. The stability boundaries
indicate that a very small step size is required to obtain stable
solutions using the ADI algorithm. In fact, this step size is
excessively small, as demonstrated by the following example.
The number of steps per cycle N for oscillatory flow is deter-
mined for a given time step by

N=—- 9

If the maximum allowable time step is 0.01 and the reduced
frequency & is 0.1, then Eq. (9) indicates that over 3000 steps
per cycle are required for numerical stability. This is an order-
of-magnitude more steps than is necessary for accurate aero-
elastic calculations.

To investigate the problem further, stability boundaries were
obtained for several leading-edge sweep angles by shearing the
F-5 planform aft. Values selected for the sweep angle include
A =32 deg, the actual sweep of the F-5 wing, and A =45 and
60 deg. Shown in Fig. 2 are the resulting stability boundaries
for the freestream Mach number of 0.9. The boundaries indi-
cate that as the sweep increases, smaller time steps are required
for numerical stability. For the A = 60 deg case, for example,
the maximum allowable time step is approximately 0.002.

Approximate Factorization Algorithm

An approximate factorization algorithm was developed as
an alternative solution to the modified TSD equation [Eq. (1)].
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Table 1 Summary of selected time steps and steps per cycle using the XTRAN3S ADI algorithm reported in Refs. 3-6

. Steady Unsteady
Leading-edge -
sweep Taper Aspect Total Steps/
Reference Wing angle, deg ratio ratio At steps Case cycle
3 F-5 319 0.28 3.16 0.01 2000 40 Hz, pitch 1200
4 F-5 31.9 0.28 3.16 0.01 4000 20 Hz, pitch 2160
5 RAE 50,2 0.27 241 0.0075 1500 70 Hz, pitch 1000
33 Hz, pitch 2000
not
6 B-1 67.5 0.38 1.85 0.002 reported aeroelastic 6000
80 — 80 —A = 60° A= 32° 45° 60°
L\ o % M
601 F-5 wing 60 |- 3| M=09
Iteration Iteration
at 40 at 0
failure failure
201 20 Unstable
Stable
Stable .
A l 1 I - | : ] 1 |
] .01 .02 .03 .04 .05 0 .01 .02 .03 .04 .05
Time step, At Time step, At

Fig. 1 Numerical stability boundaries of the ADI algorithm computed
from an initial undisturbed flow past the F-5 wing.

In this section, the AF .algorithm is described in detail, includ-
ing the mathematical formulation, finite-difference discretiza-
tion, boundary conditions, and solution procedure.

General Description

Thé AF algorithm consists of a Newton linearization proce-
dure coupled with an internal iteration technique. For un-
steady flow calculations, the solution procedure involves two
steps. First, a time linearization step (which will be described)
is performed to determine an estimate of the potential field.
Second, internal iterations are performed to provide time accu-
racy. More specifically, the TSD equation is written in general
form as '

R(¢"*1) =0 (10
where ¢"+! represents the unknown potentials at time level
(n + 1). The solution to Eq. (10) is then given by the Newton
linearization of Eq. (10) about ¢*:

e (11)

In Eq. (11), ¢* is the currently available value of ¢”* ! and
A¢p = ¢+ — ¢p*. During convergence of the iteration proce-
dure, A¢ will approach zero so that the solution will be given
by ¢”*!=¢*. In general, only one or two iterations are re-
quired to achieve acceptable convergence. For steady flow cal-
culations, iterations are not used, since time accuracy is not
necessary when marching to steady-state.

R(¢p™) + <%> Ap =0
&= ¢

Mathematical Formulation

The AF algorithm is formulated by first approximating the
time derivative terms (¢,, and ¢,,) by second-order-accurate
finite-differerice formulas. By substituting ¢ = ¢* + A¢ into
the TSD equation and neglecting squares of derivatives of A¢
[which is equivalent to applying Eq. (11) term by term], each

Fig. 2 Numerical stability boundaries of the ADI algorithm computed
from an initial undisturbed flow past the F-5 wing for various sweep
angles.

term of Eq. (1) may then be rewritten as

Ao | 20*—5¢"+4¢" "' —p""2 24
. Af? “art?
3¢¥ —4¢i+¢r' 3B

-B i ~ a7 A (122)
o o, . o
a=§(5¢x +F$¥ +GoF)

+(%(E Ad, +2Fp% A, +2G$% Ad,) (12b)
of, @ .
3 =3 (43 +HOTOD)

? .

+3, (A0, + HOL A, + Hp} Ap.) (12¢)
of, 9 Iy ,
eSO +=(49) (12)

Summing these four terms and rearranging gives
3B

24 ‘
T AD
Ar? o+ At A

0
) % (E A}, +2Fp% AP, +2GoF Ad;)

4 % * 3
—@(Adb +HPZ A, + HoY Ap.) — - (Ad.)
p 2¢*_5¢n+4¢n—1_¢n72
B A2

P30T —dgt 49!
2At

0 .
+ o (BGX + FO2 + G

+ 3+ HOED + 2 91) (1)
y 0z
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The right-hand side of Eq. (13) is simply the TSD equation,
which may be evaluated using known potentials ¢ *, ¢”, ¢" 1,
and ¢"~2 The left-hand side of Eq. (13) consists of terms
containing A¢ and its spatial derivatives. At convergence, ¢*
approaches ¢” ! so that A¢ vanishes and the left-hand side
becomes zero.

Equation (13) is transformed into computational coordi-
nates using Eq. (7) and is rewritten in conservation form for
solution by approximate factorization. Each term is multiplied
by Az%/(24), and the left-hand side is approximately factored
into a triple product of operators, yielding

Lch,LgA‘IS = _R(¢*,¢n’¢n71’¢n—2) (14)
where
3B 0 A2 D 0
Le=1+74 At%—éx—z—zézﬂ% (15a)
A2 o 0
Lr]:'l_éxﬂ% 26_’7 (15b)
A2 0 8
ngl—fxﬁa—cfé% (150)
Fy= B2, + 2FE20F +2GEE,0% + 97)
2
+é—'y(1 + HE P + HE(S, 9% + ¢7) (15d)
1
Fz=é—(1 + HE9F) (15¢)
1
F3=£— (15f)
B _a: A_t2 -£2¢*_5¢n+4¢n—1_¢n—2
o g Ar?
3‘155 —4¢¢+¢"_1

2At
a
[: [Eixrb* + FE0P + GE,0F + ¢1)?

+§—y G0F + o0 +HE9F (0% + ¢i',‘)]

dl1
a5 [2(5y¢§ + N +Hot (0% + 4’3‘)]

” |
ag[ m]} (159)

Equation (14) is solved using three sweeps through the grid by
sequentially applying the operators L;, L,, and L, as

& sweep: L, A = —R (16a)
n sweep: L, A§ = A$ (16b)
{ sweep: L, Ad = Ad (16¢c)

Spatial Discretization

Central difference formulas are employed for all of the
derivatives on the left-hand sides of Egs. (16) except for the
second term in the L, operator (from the ¢,, term), which is
backward-differenced to maintain stability, and the third term
in the L, operator, which is split into streamwise and spanwisé
components. The resulting terms are centrally differenced at
subsonic pomts and the streamwise terms are upwind-biased
at supersonic points using the Murman® type- dependent
mixed-difference operator. The terms on the right-hand side of
the ¢ sweep are also approximated using central-difference
operators except for the ¢, term, which is backward differ-
enced, and for terms in the streamwise direction, which are
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upwind biased at supersonic points based on the sign of
E +2F¢%.

In the present coding of the AF algorithm, the time deriva-
tives are implemented for variable time stepping to allow for
step-size cycling to accelerate convergence to steady-state. In
these calculations, the step size is cycled using a standard
geometric sequence. Also, since the L;, L,, and L; operators
only contain derivatives in their respectlve coordinate direc-
tions, all three sweeps may be vectorized.

Time-Linearization Step

An initial estimate of the potentials at time level (n + 1) is
required to start the iteration process. This estimate is provided
by performing a time-linearization calculation. The equations
governing the time-linearization step are derived in a similar
fashion as the equations for iteration. The only difference is
that thé equations are formulated by linearizing about time
level (n) rather than the iterate level (*). So by substituting
¢ =¢"+ A¢ into the TSD equation [Eq. (1)] and neglecting
squares of derivatives of A¢, the time-linearization step may be
written as

LéLnLC A¢ = _R(¢n,¢n—1,¢n~2) (17)

where the operators L, L,, and L, are defined by Egs. (15a),
(15b), and (15c), respectively, with ¢* replaced by ¢” in the
definitions of F, and F, [Egs. (15d) and (15¢)].

Boundary Conditions

The boundary conditions are numerically imposed by re-
defining the L, L,, and L, operators in Eq. (14) as well as the
right-hand side R at the appropriate grid points. The equation
to be solved at boundary grid points may then be written sym-
bolically as

L.LL Ap=—R (18)

where the tilde indicates that the quantity has been modified or
rewritten to account for the boundary conditions. In the fol-
lowing subsections, the numerical treatment of each of the
boundary conditions is briefly described.
Wing

The wing flow-tangency boundary condition [Eq. (6)] is im-
posed within the differencing of the d(¢¥)/0( term, which ap-
pears in R [Eq. (15g)] on the right-hand side of Eq. (14) and
within the L, operator in the time-linearization step for un-
steady caleulations. In general, the d(¢¥)/0{ term is approxi-
mated by

2 D= RN (19)

2

oC Cerr— G
where the derivatives on the right-hand side are written about
half-node points. The wing is located equidistantly between
grid lines so that in the plane directly above the wing, the ¢ ¥ _|
derivative in Eq. (19) is replaced by (/7 +£)"*", and in thé
pldne below the wing, the ¢ % _, derivative in Eq. (19) is re-
placed by (fy +/)"+"'. The L, é)perator is similarly modified
in the time-linearization step, which results in a bi-diagonal
{-sweep equation.

Wake

The wake boundary condition [Egs. (5f) and (5g)] is similar
to the wing flow-tangency boundary condition in that it is
imposed within the d(¢¥)/9( term and the right-hand side of
the { sweep. The wake circulation I' is calculated from Eq. (5g),
which is equivalent to

r+T,=0 (20)

Starting from the trailing-edge value given by I'tg = ¢ 15 —
¢1g, the circulation is convected downstream by integrating
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Eq. (20) using second-order-accurate finite-difference approxi-
mations for I', and I',. The wake circulation is incorporated
within the solution procedure by requiring that the perturba-
tion velocity in the vertical direction be continuous across the
wake [Eq. (50)].

Symmetry Plane

The symmetry condition [Eq. (5¢)] is imposed at the plane of
the wing root j = J by requiring that

Eor +oD, 1= — (P + 074 (21a)

C0t +9,=0 (21b)

Equations (21a) and (21b) affect terms that appear on the
right-hand side of Eq. (14). Equation (21b) causes two terms in
F, [Eq. (15d)] to vanish. The L, operator [Eq. (15b)] is also
modified at j = J by requiring that

o = 0 =
(F2 % A(t))J—% - _<F2 5; A¢)J+% (22)

which results in an upper bidiagonal n-sweep equation at the
wing root. The condition at the far spanwise boundary [Eq.
(5d)] is identical to the symmetry condition [Eq. (5¢)] and thus
is treated similarly.

Farfield

The farfield boundary conditions [Egs. (5a—5¢)] are imposed
by writing finite-difference approximations for these equations,
casting them in the form of Eq. (18), and including them with
the system of simultaneous equations that results from Eq. (14)
for solution.

Results and Discussion

Calculations were performed for the F-5 wing to assess the
accuracy and efficiency of the AF algorithm. The wing has a
full-span aspect ratio of 3.16, a leading-edge sweep angle of
31.9 deg, and a taper ratio of 0.28. The airfoil section of the F-5
wing is a modified NACA 65A004.8 airfoil that has a drooped
nose and is symmetric 4aft of 40% chord. The AF results are
compared with parallel calculations performed using the ADI
algorithm. In these calculations, identical grids and coordinate
transformations [Eq. (7)] were used to allow for a direct com-
parison between AF and ADI results. The grid and transfor-
mation were identical to those used in Ref. 4. Furthermore, the
results are compared with the experimental data from an F-5
wing model tested by Tijdeman et al.'® In Ref. 10, steady and
oscillatory pressure distributions were measured at eight span
stations along the wing. The stations were located at 7 =0.18,
0.36, 0.51, 0.64, 0.72, 0.82, 0.88, and 0.98. In this paper, com-
parisons are presented at the first, third, fifth, and seventh span
stations. The tests covered the Mach number range from
M = 0.6-1.35. In this study, two Mach number cases were
selected for application of the new algorithm. The first case,
herein referred to as case 1, was chosen to have the same
freestream conditions as investigated in Refs. 3 and 4. In case
1, the freestream Mach number was 0.9 and the mean angle of
attack was 0 deg. At these conditions, both steady and un-
steady results were obtained. The unsteady calculations were
performed for the rigid wing pitchirig harmonically about a line
perpendicular to the root at the root midchord. The second
case, herein referred to as case 2, was chosen to assess the
performance of the AF algorithm for supersonic freestream
conditions. In case 2, the freestream Mach number was 1.1 and
the mean angle of attack was 0 deg. No ADI calculations were
attempted for this case since the algorithm is unstable for su-
personic freestream cases for swept wings.

Case 1: M =0.9 and 2y =0 deg

For case 1, steady calculations were performed using both
the ADI and AF algorithms. The ADI results were obtained
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using a constant step size of Az =0.01, which is the same as
that reported in Refs. 3 and 4. These calculations were per-
formed for a total of 4000 time steps. The AF results were
obtainéd by cycling the step size through a range of values
between Ar = 0.05 and 5.0. A total of 400 time steps were run.
A comparison of steady-state convergence between the ADI
and AF algorithms is shown in Fig: 3. After 4000 time steps,
the maximum |A¢| in the ADI solution has been feduced to
approximately 1065, whereas the AF solution has achieved
similar convergence 1n less than 400 steps. The total lift and
moment in the AF solution were converged after approxi-
mately 100 steps. Steady calculations were also performed for
the high sweep case of A =60 deg to assess the convergence
characteristics of the two-algorithms further. The ADI results
were obtained using a constant step size of At = 0.002, and the
AF results were obtained by cycling the step size through a
range of values between Az =0.05 and 0.5. A comparison of
the steady-state convergence histories between the two al-
gorithms is shown in Fig. 4. The ADI solution converges very
slowly such that after 4000 steps, the maximum |A¢| has been
reduced to approximately 10 ~°: The AF solution, however, has
converged very quickly to maximum |[A¢| < 107 in only 250
steps.

A comparison of the ADI and AF steady pressure distribu-
tions for the F-5 wing is shown in Fig. 5. These pressure distri-
butions indicate that there is an embedded supersonic region
on the wing upper surface and that the flow is slightly supercrit-
ical along the lower surface. The AF pressures are nearly iden-
tical to the ADI pressures, and both sets of results are in good
general agreement with the experimental data. The AF al-
gorithm thus produced the same steady-state solution for this
case as the ADI algorithm at one-tenth of the computational
cost.

or M= 0.9 j

..2 —
F-5 wing

log
{ max]A®])
6 ADI
AF
-8 ] I L ] )
0 1000 2000 3000 4000 5000

Time steps
Fig. 3 Comparison of steady-state convergence between the ADI and
AF aigorithms for the F-5 wing at M = 0.9 and «, =0 deg.

o Dj
A= 60°
log
(maxjao|) 4
5 ADI
AF
l L L | j

0 1000 2000 3000 4000 5000
Time steps
Fig. 4 Comparlson of steady-state convergence between the ADI and

AF algorithms for the F-5 wing sheared to A = 60 deg at M = 0.9 and
o, =0 deg.
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Unsteady results were obtained using both algorithms for
the wing oscillating with amplitude «; = 0.109 deg at a reduced
frequency of k = 0.137 for comparison with the experimental
data. The ADI calculations were performed using 2000 steps
per cycle of motion, which corresponds to a step size of
At =0.0115. (In Ref. 4, similar calculations were performed
using 2160 steps per cycle with a step size of Az = 0.0106.) For
unsteady calculations with the ADI algorithm, the step size is
typically selected based on numerical stability considerations
rather than on accuracy. Because of the stability restriction
inherent in the ADI algorithm, this generally leads to using
many more time steps per cycle than is necessary to resolve the
physics of the problem. The AF algorithm, however, allows the
step size to be selected based on accuracy rather than on stabil-
ity. Consequently, a convergence study was performed using
the AF algorithm to determine the largest step size (fewest
number of steps per cycle) that would produce converged an-
swers. Unsteady results were obtained for 100, 200, 300, and
400 steps per cycle, which required Az = 0.2293, 0.1147, 0.0764,
and 0.0573, respectively. Only one iteration per time step was
required to satisfy the convergence criteria of maximum
|Ap| < 107° for the latter three cases. For the 100 steps per
cycle case, two iterations per time step were required during
approximately 60% of the cycle of motion. Selected results
from this convergence study are plotted in Fig. 6 for 200 and
300 steps per cycle. The unsteady pressure coefficients along the
upper surface are shown in Fig. 6a; the unsteady pressure co-
efficients along the lower surface are shown in Fig. 6b. These
coefficients are plotted as real and imaginary components cor-
responding to the in-phase and out-of-phase unsteady pressure
distributions normalized by the amplitude of motion. The cal-
culation for 100 steps per cycle of motion produced reasonable
results, but fairly large differences were observed in compari-
son with the 200 steps per cycle calculation. As shown in Fig.
6, the results for 200 and 300 steps per cycle are very similar
with the largest differences occurring near the leading edge and
in the shock pulse region on the upper surface. The pressure
distributions computed using 400 steps per cycle are identical,
to plotting accuracy, to those computed using 300 steps per
cycle and therefore are not shown. A converged solution hence
requires approximately 300 steps per cycle of motion for this
case, although the results computed using 200 steps may be
acceptable for engineering purposes.

Figure 7 shows a comparison between the ADI and AF
unsteady pressures for case 1 along with the experimental data.
Upper-surface pressure distributions are shown in Fig. 7a;
lower-surface pressure distributions are shown in Fig. 7b. The

—ADI algorithm
————— AF algorithm

Experiment

O upper surface [
o lower surface

xlc

Fig. 5 Comparison of F-5 wing steady pressure distributions at M = 0.9
and o, =0 deg.
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two sets of calculated results are very similar, and both sets
generally agree well with the experimental data. On the upper
surface, however, the agreement is better in the inboard region
of the wing (i = 0.18, for example). The AF algorithm (using
300 steps per cycle and one iteration per time step) thus pro-
duced approximately the same unsteady solution for this case
as the ADI algorithm (using 2000 steps per cycle) at 30% of the
computational cost.

Case 2: M =1.1 and oy =0 deg

For case 2, calculations were performed using only the AF
algorithm. The steady results were obtained by cycling the step
size through a range of values between Ar = 0.01 and 1.0. The
total lift and moment were converged after approximately 150
steps, and the maximum |A¢| was reduced to approximately
1055 after 400 steps. The resulting steady pressure distribu-
tions are compared with the experimental data in Fig. 8. For
this supersonic freestream case, the upper- and lower-surface
pressure levels are well predicted except near the leading edge.
In general, the pressure distributions computed using the AF
algorithm are in good agreement with the experimental data.

AF algorithm

——— 200 steps/cycle
————— 300 steps/cycle

a)
AF algorithm
—— 200 steps/cycle
————— 300 steps/cycle
9
6
g 3
L
-3 - Imaginary n=018
—6 I S I S
0 1
b) xlc

Fig. 6 Convergence study using AF algorithm for F-5 wing unsteady
pressure distributions due to wing pitching at M =0.9, a,=0 deg,
oy = 0.109 deg, and k = 0.137: a) upper surface; b) lower surface.
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Fig. 7 Comparison of F-5 wing unsteady pressure distributions due to
wing pitching at M =0.9, a, =0 deg, «, =0.109 deg, and k =0.137:
a) upper surface; b) lower surface.

AF algorithm

Experiment
O  upper surface
O lower surface

Fig.8 Comparison of F-5 wing steady pressure distributions at M/ = 1.1
and aq =0 deg.
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AF algorithm
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AF algorithm
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———— 300 steps/cycle

O O Experiment
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Fig. 9 Comparison of F-5 wing unsteady pressure distributions due to
wing pitching at M =1.1, 2, =0 deg, o, =0.267 deg, and k =0.116:
a) upper surface; b) lower surface.

Unsteady results were obtained using the AF algorithm for
the wing oscillating with amplitude «, = 0.267 deg at a reduced
frequency of £ =0.116. A convergence study was performed
using 100, 200, 300, and 400 steps per cycle, which corresponds
to At =0.2708, 0.1354, 0.0903, and 0.0677, respectively. Un-
steady pressure distributions for 200 and 300 steps per cycle are
plotted in Fig. 9 along with the experimental data. The upper-
surface pressures are shown in Fig. 9a and the lower-surface
pressures are shown in Fig. 9b. Similar to the unsteady pres-
sures of case 1, approximately 300 steps per cycle are required
in case 2 for convergence. Along the upper surface, the AF
pressures generally compare well with the experimental data
except in the real part near the leading edge and outboard near
the tip. Along the lower surface, the AF results again compare
well with the data, and the calculation here predicts the large
change in the real part near 10% chord at # = 0.51, 0.72, and
0.88. Therefore, the AF algorithm is accurate and efficient for
application to supersonic as well as subsonic freestream cases.

Concluding Remarks

A time-accurate approximate factorization (AF) algorithm
has been developed for the solution of the unsteady transonic
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small-disturbance equation. The new algorithm was developed
as an alternative solution procedure to the alternating-direc-
tion implicit (ADI) algorithm. The AF algorithm consists of a
Newton linearization procedure coupled with an internal itera-
tion technique. For unsteady flow calculations, the solution
procedure involves two steps. First, a time-linearization step is
performed to determine an estimate of the potential field. Sec-
ond, internal iterations are performed to provide time accu-
racy. In general, only one or two iterations are required to
achieve acceptable convergence. For steady flow calculations,
iterations are not used since time accuracy is not necessary
when marching to steady-state.

The AF algorithm has been used to calculate steady and
oscillatory transonic flows at subsonic and supersonic free-
stream conditions. These calculations were performed for the
F-5 wing, and comparisons were made with experimental data
to assess the accuracy of the algorithm. The results were further
compared with pressure distributions computed using the ADI
algorithm for the subsonic freestream case. In general, the
steady pressures calculated using the two algorithms were
nearly identical, and both sets of results compared well with the
experimental data. The ADI results were computed using 4000
time steps, whereas the AF results were computed using only
400 time steps to achieve similar convergence. The new al-
gorithm, therefore, gives an order-of-magnitude decrease in
computational cost for steady-state calculations. Unsteady
pressures due to harmonic wing pitching were very similar for
the two algorithms, and again, both sets of results agreed well
with the experimental data. The ADI results were computed
using 2000 steps per cycle with a time step based on numerical
stability considerations. The AF results, however, were com-
puted using only 300 steps per cycle since the step size is se-
lected for accuracy rather than for stability. Hence, for
application to unsteady flow problems, the AF algorithm again
yields a significant decrease in computational cost.

For a supersonic freestream case, the pressure distributions
computed using the AF algorithm were in good agreement with
the experimental pressures for both steady and oscillatory
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flows. (An ADI solution for this case was not obtained since
the algorithm is unstable for swept-wing cases with supersonic
freestream conditions.) Similar to the subsonic freestream case,
the steady-state AF results were obtained using only 400 time
steps, and the oscillatory AF results were obtained using only
300 steps per cycle. Therefore, the AF algorithm is robust and
efficient for application to steady or unsteady transonic flows
with subsonic or supersonic freestream conditions. The new
algorithm can provide accurate solutions in only several hun-
dred time steps, yielding a significant computational cost sav-
ings when compared to the ADI method.
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